Abstract. The paper is a demonstration of some connections between coefficients of a Taylor series f (z) = a n z n and singularities of the function. There are many known results of this type, for example counting the number of poles on the circle of convergence, and doing convergence or overconvergence for f (z) on any arc of holomorphy. What is a new in the approach proposed here is that these kinds of results are extended by relaxing the classical conditions for singularities and convergence theorems. This is done by allowing coefficients to be sufficiently small instead of being zero.
Introduction
It is a classical question to analyse the boundary behaviour of an analytic function in terms of its Taylor expansion. Many of the results that have been obtained are formulated in the sense of vanishing some of Taylor coefficients. Although these results are interesting in the theoretical sense, they are not really applicable for practical problems because, in applied science, values may not be strictly zero. For example, in numerical methods, there is no test that can confirm that such a coefficient is exactly zero: they may only conclude that it is sufficiently close to zero. This topic is a part of a broader picture. Recently, an intriguing connection with spectral theory was discovered, it provided new statements and new proofs for already known results [1] . On the other hand, Taylor coefficients can be viewed as one of the fundamental examples of the covariant transform [3, 4] of analytic functions. Many classical results of harmonic analysis describe how properties of functions are "transported" by the covariant transform [5] . Therefore, the results presented in this paper show a certain stability in this transportation: a small variation in the Taylor coefficients preserves the function's property under consideration. In other words, a new approach is presented here that relies on estimating some coefficients of a Taylor series to be sufficiently small. For completeness and 2010 Mathematics Subject Classification. 30B10, 30B30.
readers' convenience, the initial classical results are presented first, before the new modified versions are stated and proven.
Finally, I am highly indebted to my supervisor (Vladimir Kisil) for his guidance, and his constant supervision of this work. My sincere thanks also goes to my government of Saudi Arabia who fund me for this study.
Poles on the circle of convergence
This section is a presentation of some results that show the relationships between coefficients of power series and singularities of the function they present. These are demonstrated to prepare our Theorem 2.3 and its proof throughout these relations. The key will be the Lemma 2.1.
a n z n be the expansion into a power series of a rational function whose denominator (relative prime to the numerator) has degree q.
The radius of convergence is called r and A n denotes the largest among the q number
To present our modification of Theorem 2.3, we first state the initial Theorem 2.2.
Theorem 2.2. [7, §5.3, Prob.244] Let v n be the number of non-zero coefficients among the n coefficients a 0 , a 1 , ..., a n−1 . If there are only poles (and no other singularities) on the circle of convergence of the power series: a 0 + a 1 z + a 2 z 2 + ... + a n z n + ..., the number of such poles is not smaller than lim sup
The modification is done by considering the number of coefficients that may exceed some small values instead of being non-zero in the initial theorem. Therefore, our new theorem is as follows:
Theorem 2.3. Let a n z n be a power series that has only poles (and no other singularities) on the circle of convergence |z| = ρ, as well as no other singularities inside the circle |z| = ρ 1 > ρ. Let ǫ > 0 be sufficiently small such that
Proof. Let k be the number of poles on the circle of convergence. According to the hypotheses, we set
b n z n such that:
(i) the series α n z n is the expansion into a power series of the rational part of a n z n that has the radius of convergence ρ.
(ii) The series b n z n has the bigger radius of convergence ρ 1 defined on the hypothesis i.e. lim sup n→∞ n |b n | = 1
Then, for ǫ > 0 given in the hypothesis, there exists N 1 ∈ N such that for all n ≥ N 1 we have |b n | < (
According to (i) and lemma 2.1, we have for the same ǫ chosen above, there exists N 2 ∈ N such that for all n ≥ N 2 we have:
By choosing N = max(N 1 , N 2 ), then for all n ≥ N, there is at least onen, n ≥n ≥ n − k + 1 such that |αn| > (
is independent of n. Thus, the number of
Expansion of Analytic Functions and its convergence on the boundary
In this section, we recall a crucial result on the boundary behaviour of power series We first provide the definition of lacunary series used in the initial theorem of Ostrowski's convergence.
An infinite power series a n z n is called a lacunary series if there exists a sequence m n ∈ N, such that lim(m n+1 − m n ) = ∞, and
Lacunary series have the following important property:
series with a bounded sequence of coefficients, its sequence of partial sums s mn converges uniformly on every arc of holomorphy L of f.
The above theorem is developed to be more applicable in the sense described in the introduction. This is by replacing zero coefficients in lacunary series with small values at the same places to create a quasi-lacunary series as follows:
3. An infinite power series a n z n is called a quasi-lacunary series if there exists a sequence m v ∈ N such that:
where (c j ) j∈N is a p−summable sequences for some p > 1, i.e.
To present the proof of our modified theorem 3.5, we need the following lemma:
For every arc of holomorphy L ∈ ∂E of a power series f = a v z v with radius of convergence 1, there exists a compact circular sector S with vertex at 0 such that L lies in the interiorS of S and f has a holomorphic extension f to S. Let z 1 , z 2 = 0 be the corners of S, and let w 1 and w 2 be the points of intersection of ∂E
To prove the next result, we consider the functions:
So, every function g n is holomorphic in S. In the proof of the next theorem, S and f can be chosen as in the lemma 3.4 and g n as in (3.1). Denoting by | f − s n | L and |g n | S be the maximum of the absolute values of the functions ( f − s n )(z) and g n (z) for all z in L and S respectively. Since |z| = 1 for z ∈ L, the inequality
holds for all n ∈ N. Now, we can prove our new convergence theorem for a quasi-lacunary series.
Theorem 3.5 (Convergence theorem for a quasi-lacunary series). Let f = n a n z n be a quasi-lacunary series such that (a mv ) v∈N , where a mv are defined in the definition of a quasilacunary series, is a bounded sequence of coefficients. Then the sequence of partial sums s mv converges uniformly on every arc of holomorphy L of f .
Proof. It must be shown that lim
, it suffices to show that the sequence g mv tends compactly to zero inS. Let t ∈ (0, 1). By Vaitali's theorem [8, §7.3,
, it suffices to show that lim g mv (z) = 0 for |z| = t. Setting A = sup |a mv |, we have:
According to (3.1), we have:
Subsequently:
The first term of the right hand side in (3.3) tends to zero. In fact, by Holder's inequality for 1 < p, q < ∞ and 1 p + 1 q = 1, we have:
because by the hypothesis, we have
|a k | p < ∞, therefore, when m n → ∞ as n → ∞, the remainder of the series
On the other hand, the second term of the right hand side in (3.3) also tends to zero, due to the following: 
Then, the classical theorem of Ostrowski's overconvergence is stated as follows: 
Consequently, our theorem is stated and proved as follows:
Theorem 4.4 (Overconvergence theorem for a quasi-Ostrowski series). Let f (z) = a n z n be a quasi-Ostrowski series with radius of convergence R > 0, and let A ⊂ ∂B(R, 0) denote the set of all the boundary points of f that are not singular. Then the sequence of sections
a n z n converges compactly in a neighbourhood of B(R, 0) ∪ A.
Proof. Without loss of generality, let R = 1 and let c ∈ ∂E. We introduce the polynomial
(where the smaller value of p such that p ≥ δ −1 gives the larger domain of overconvergence).
Consider the function f (q(w)) = a n q(w) n , which is holomorphic in q −1 (E) = {w ∈ C :
|q(w)| < 1}. We denote by b n w n the Taylor series of f (q(w)) about 0 ∈ q −1 (E) and by s v (z) and t v (z) the vth partial sums of a n z n and b n w n , respectively. We claim that:
We have
b n w n , and Therefore, in order to prove the claim (4.4), we need to compute the difference between t (p+1)m k (w) and s m k (q(w)), and then show that it tends to zero uniformly. In fact, we have
, because when n is from 0 to pm k , the coefficients b n and d n w n where pm k < n < pn k . Since t (p+1)m k has degree no greater than (p + 1)m k , and
n , for 0 ≤ n ≤ pm k , the total contributions to the partial sum t (p+1)m k is computed in the range of powers pm k < n ≤ (p + 1)m k as follows:
Since C r r(p+1)−n ≤ 2 r , then for pm k < n ≤ (p + 1)m k and by using c r the notation of quasi-Ostrowski series, we have:
] .
Therefore:
Consequently,
because by the hypothesis of quasi-Ostrowski series given in 4.3, we have c [
] is decreased to zero as k → ∞. Thus, the claim (4.4) follows.
We have q −1 (E) ⊃ E\{1}, since |1 + w| < 2 and hence |q(w)| < 1 for all w ∈ E\{1}.
Set g(w) = f (q(w)) − s m k (q(w)). The function g(w) ∈ O(q −1 (E)) is thus holomorphic at every point of E\{1} for each m k ∈ N. Now, if c ∈ A, then g is also holomorphic at 1 since In the following, we provide our proof of the new theorem 4.9, which is a modification of Hadamard's gap theorem. First, however, we present the classical theorem of Hadamard's gap and the definitions of Hadamard lacunary series. Remark 4.7. The condition a mv = 0 in the definition of a Hadamard lacunary series is necessary, otherwise we obtain the series of zero coefficients that has a trivial convergece everywhere.
In order to provide our modified theorem, we need to present the definition of a quasiHadamard lacunary series which is stated as follows: 
Now, we present our new theorem as follows:
Theorem 4.9 (theorem for a quasi-Hadamard lacunary series). Every quasi-Hadamard lacunary series a n z n with radius of convergence R > 0 has the disc B R (0) as a domain of holomorphy. 
where |a j | ≤ In our work we extend the notion of lacunary series by removing the condition of having lacunas of zero coefficients. A similar extension was previously done in [1] , but due to their technique being based on right limits, Breuer and Simon needed to consider bounded coefficients which do not tend to zero (or coefficients satisfying to similar relations). Our extensions of the classical proofs are free from both these limitations.
Moreover, In view of similarity between natural boundaries and absolutely continuous spectrum of Jacobi matrices stated in [1] , we can conjecture that there are numerically stable formulations results in spectral theory which are similar to theorems presented in this paper. Furthermore, in [6] it is found that property to be lacunary is stable. If lacunary series is expanded into another point, it remains lacunary series as well. In fact, lacunary series is still the area of our research. Obtaining stability in the different sense is of the interest of researchers. What is done in this paper is that we have investigated lacunray series and its stability in the sense described in the introduction.
